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Abstract. We study symmetric systems with dissipative boundary condi- 
tions. The solutions of the mixed problems for such systems are given by a 
contraction semigroup V(t)f = e" 3 */, t > and the solutions u = e tGb f with 
cigcnfunctions / of the generator Gt with eigenvalues A, Re A < 0, are called 
asymptotically disappearing (ADS). We prove that the wave operators are not 
complete if there exist (ADS). This is the case for Maxwell system with special 
boundary conditions in the exterior of the sphere. We obtain a representation 
of the scattering kernel and we examine the inverse back-scattering problem 
related to the leading term of the scattering kernel. 
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1. Introduction 

Let K C {x £ K™, \x\ < p}, n > 3, n odd, be an open bounded domain with C°° 
boundary dK. Consider in £1 = R™ \ K the operator G = $^?=i Aj(x)d Xj + B(x), 
where Aj(x), j — l,...,n, are smooth symmetric (r x r) matrices and B(x) is 
a smooth (r x r) matrix. For simplicity in this paper we will assume that Aj are 
constant matrices and B = but our results remain true for operators with variable 
coefficients under some conditions on the decay of Aj(x) and B(x) as |x| — > oo. 

We assume that the eigenvalues of A(£) — Y^j=i Aj£j for £ = (£1, ...,^ n ) € R" \ 
{0} have constant multiplicity independent of £. Denote by v{x) = (y\{x), v n {x)) 
the unit normal at x G dfl pointing into K and set A(u(x)) = Y]j—i AjVj(x). Let 
N(x) C C be a linear space depending smoothly onie dfl such that 

(i) (A(v(x))u(x),u(x)) < for all u(x) £ Af(x), 

(ii) Af(x) is maximal with respect to (i). 
Consider the boundary problem 

'(d t - G)u = OinR+ x O, 

u(t,x) £Af(x) fort > 0, x £ dfl, (1.1) 
^w(0, x) — f(x) in f2. 

The conditions (i), (ii) make it possible to introduce a cont racti on semigroup 



V(t) = e tGb , t > in H = L 2 {fl : C) related to the problem (1.1 1 with genera- 



tor G;,. The domain D(Gb) of G\, is the closure with respect to the graph-norm 
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(llsl| 2 + ll^ffll 2 ) 1 ^ 2 °f functions g(x) G GjL(0 : C r ) satisfying the boundary condi- 
tion g(x)\ dn G Af(x). 

Next consider the unitary group Uo(t) = e tG ° in Hq = L 2 (R n : C) related to 
the Cauchy problem 

(d t — G)u = 0inRxR", , 
u (Q,a;) =/(x)inR", v ' 

where Go with domain D(Gq) = {/ G Hq : G/ G #0} is the generator of Uo(t). 
Let H b <Z H be the space generated by the eigenvectors of G b with eigenvalues 
fi G iR and let iJ^ - be the orthogonal complement of H b in H. The generator 
Go = Sj=i Ajd Xj is skew self-adjoint in H and the spectrum of Go on the space 
Hq c — (Ker Go) 1 " C H is absolutely continuous (see Chapter IV in [18]). 

For dissipative symmetric systems some solutions can have global energy decreas- 
ing exponentially as t — > oo and it is possible also to have disappearing solutions. 
The precise definitions are given below. 

Definition 1.1. We say that u — V(t)f is a disappearing solution (DS), if there 
exists T > such that V(t)f = for t > T. 

Definition 1.2. We say that u = V(t)f is asymptotically disappearing solution 
(ADS), if there exists A G C with Re A < and / ^ such that V(t)f = e xt f. 

Notice that if V(t)f = e M f, then / G D(G b ) and G b f = A/. The existence of 
disappearing solutions perturb strongly the inverse back-scattering problem since 
the leading term of the back-scattering matrix vanishes for all directions (see Sec- 
tion 5). This phenomenon is well known for the wave equations with dissipative 
boundary conditions [TS], [5], [TB]. For symmetric systems with dissipative bound- 
ary conditions the situation is much more complicated. It seems rather difficult 
to construct disappearing solutions and even for Maxwell system the problem of 
the existence of disappearing solutions remains open (see p], [18] and the refer- 
ences given there). In this paper we present a survey of some results related to 
the existence of (ADS). First in Section 2 we show that the completeness of the 
wave operators W± related to V(t) and Uo(t), fails if (ADS) exist. Therefore we 
must define the scattering operator by using another operator W. Secondly, we de- 
scribe in Section 3 some recent results obtained in [I], where (ADS) for Maxwell 
system have been constructed. We study maximally dissipative boundary condi- 
tions for which there are no disappearing solutions but (ADS) exist. This shows 
the importance of (ADS) which are stable under perturbations. Next in Section 
4 we establish a representation of the scattering kernel of the scattering operator 
in the case of characteristics of constant multiplicity following the arguments in 
[16) . p"7] for strictly hyperbolic systems. Finally, in Section 5 we study the inverse 
back-scattering problem connected with the leading singularity of the scattering 

matrix — oj,cj)^ . Here the boundary condition plays a crucial role and 

we investigate the problem assuming that 

Af(x) G Ker {A{u{x))) £ E_(i/(x)), 

T,_(v(x)) being the space spanned by the eigenvectors of A(y(x)) with negative 
eigenvalues. This condition guarantees that at least one element of the scattering 
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matrix (s, — u>, £j)^ fe=1 has a non vanishing leading singularity related to the 
support function p(w) = min. xe gfi(x, ui) in direction u G S n . 

2. Wave operators 

To introduce the wave operators, consider the operator J : H — > H extending 
/ € H as for x <E K and let J* : H — > H be the adjoint of J. Let P ac be the 
orthogonal projection on the space Hq c . The wave operators related to perturbed 
and non-perturbed problems have the form 

W-f = lim V(t)J*U (-t)P ac f, f e H 0j 

t— >+oo 

W+f= lim V*(t)J*U (t)P ac f, f £fl„. 

r— > +00 

Under the above hypothesis it is not difficult to prove the existence of W± and 
to show that (see for instance, [5] and Chapter III in 

RanW-± C H fe x . 

To obtain more precise results for Ran W±, we need to impose the following 
coercive conditions. 

(H) : For each / e D(G b ) H (Ker Gt)- 1 we have 

n 

52\\d Xj f\\<C(\\f\\ + \\G b f\\) 
3=1 

with a constant C > independent of /. 

(H*) : For each / <= L>(G£) n (Ker G*)- 1 we have 

£ 11^-/11 <C(||/|| + ||GJ/||) 
3=1 

with a constant C > independent of /. 

Remark 2.1. The conditions (H) and (H*) are satisfied for a large class of non 
elliptic symmetric systems (see |13p for which it is possible to construct a first 
order (I x r) matrix operator Q — 53 7=1 Qj9 Xj so that 

Q(£MO = 0, Ker Q(0 =1111,4(0, 

where Q(£) — Y^j=i QjC I n our case we need coercive estimates for / e D{G b )fMI b L . 
On the other hand, the space KerG?, is infinite dimensional if Q with the properties 
above exist. Notice also that for the generator G b we have Ker G g — Ker G£. 

Introduce the spaces 

H+={fEH: lim V(t)f = 0}, H x = {f E H : lim V*(t)f = 0}. 

We have the following 
Theorem 2.2 ([4 ). Assume the conditions (H) and (H*) fulfilled. Then 

R&nW± = H b L GH±. 
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To obtain a completeness of the wave operators we must have "H^ = H^. On 
the other hand, in general, it is not clear if these subspaces are not empty. 

For our analysis we use the translation representation TZ n : Hg c — > (L 2 (R x 
§n-i))d of where Rank A ^ = r - d = 2d > for £ ^ 0. Let r 3 -(£), j = 

1, 2d, be the non- vanishing eigenvalues of A(—£) ordered as follows 

n(0 > ... > r d (0 > > r d+1 (0 > ... > r 2d (0, Z ± 0. 

Denote by rj(£), j = 1, 2d, the normalized eigenvectors of A(— £) related to Tj(£). 
Then TZ n has the form (see Chapter IV in [T8] ) 

(K n f){s,uj) =^2k j {s,u)r j (u), 

where 

fcj(s,w) = Tj(u) 1/2 kj(sTj(u),u), j = l,...,d, 

and fc,-(s,w) = 2-(™- 1 )/ 2 L>i" _1)/2 ((i?/)(s,a;),r 3 (w)), (Rf)(s,w) being the Radon 
transform of f(x). K n map iJ£ c isometrically into (L 2 (K x §"- 1 )) rf and H n U (t) = 
T t lZ n , V< € K., where T t g — g(s — t,u>). Let < vq = min^ggTi-i Td(u>). To introduce 
the Lax-Phillips spaces (see Chapter VI, [TT]) , we need the following 

Definition 2.3. We say that / e D± if 

U (t)f = for |a;| < ±v i, ±t > 0. 

We have / e £>± if and only if K n f{s,u) = for Ts > 0. Set = C/ Q (±&/« )-D ± , b > 
0. For t > it is easy to prove (see Lemma 4.1.5 in [TS]) the following equalities 

U (-t)V(t)f = v*(t)u (t)f = /, / e D p + , 

U (t)V*(t)f = V(t)U (-t)f = f,feD p _. 
The next result is similar to that in [5] established for strictly hyperbolic systems. 

Theorem 2.4. Iff e D{G J b ) C "H+ n (^) x ,Vj € N,/ = G h / , / € # 6 X , i/ien we 
have (V{t)f)(t,x) = /or \x\ > 2p. 

This yields the following 

Corollary 2.5. Assume that there exists an asymptotically disappearing solution 
u(t,x) = e M f(x) such that f(x) ^ does not have a compact support. Then 
"Hoo =^ and the wave operators are not complete. 

Proof. If G b f = A/, Re A < 0, we have / € D{G{) n H+, Vj € N. Assuming 
?C = for geD p _ we get 

(/,<?) = (/,F(i)E/ (-*)<?) = (V*(t)/,Db(-t)ff) ~ > t ^oo 0. 
Thus / € (D^) and we can apply Theorem 2.4. 

Proof of Theorem 2.4. Given g eM+n (-D^) 1 " and f £ D p + , for every fixed t > 
we get 

(V(t)g, f) = (V(t)g, V* (s)U (s)f) = (V(t + s)g, U (s)f) — > as s -> +co. 
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Thus, V(t)g ± D p + , t > 0. Also we obtain easily V{t)g JL Dt, t > 0. Indeed, for 
h € Dt we have 

(V(t)g,h) = (g,V*(t)h) = (g,U (-t)h) = 

since Uo(—t)h € D p _ for i > 0. R. Phillips called the solutions with data h £ T)(Gb) 
with V{t)h _L * > incontrollable (see [12]). 

We modify the argument of Lemma 2.2 in [5] (see also Proposition 4.2.5 in [T5] ) 
established for strictly hyperbolic systems in order to cover the situation when 
has eigenvalues of finite multiplicity and Ker^4(£) is not trivial. Let (p(x) € C co (R n ) 
be such that <£>(x) = 1 for |acj > 2p, ip{x) = for |x| < p. Set w(t,x) = ip(x)V(t)f. 
We have 

«;(«, x) = G<pV(t)f + [G, <p]V(t)f = «(t, z) + [G, V(t)/ . 

Since [G, <p] has compact support, according to Proposition 3.1.9 in [T5], we con- 
clude that there exists a sequence tj — > +oo such that [G,<p]V(tj)fo — > as 
tj — > oo. Thus by our hypothesis, we get v(tj,x) — » 0. 

It is cleat that v(t, .) £ i?Q C and we may consider the translation representation 
of v(t, .). On the other hand, v(t, .) £ H^Li ^(^o) s i nce = GbV. Next we have 

n 

(d t - G>(t, z) = £(^^)V(t)/ - ^(t,!). 

Applying the transformation 7?.„ to both sides of the above equality and setting 
hj(s,w,t) = (n n (v)(s,uj,t),rj(uj)), lj{s,uj,t) = (TZ„{g){s,oj,t),r :j (u)), j = 1, ...,d, 
we obtain the equations 

(dt + T j (u)d s )h j (s, uj,t) = lj(s,u,t), j = l,...,d. 
Next we repeat the argument of Lemma 2.2 in [5] based on the following 

Lemma 2.6 ( 5 ). Let g £ f|jli( G o) n H o° and let n n9 = for \s\ > b. Then 
g = for \x\ > b if and only if 

f f L4H] fc [(ft„ 5 )( s ,w) + (-lJ^-^^ffJC-a.-wJja^-Hdfldw = 

for a = 0, 1, 2, ... and any spherical harmonic function Y m (ui) of order m > a + k + 
(3-n)/2. 

Thus we conclude that v(t,x) — for |x| > 2p, hence w(t,x) = for |a?| > 2p. 
We get V(t)f = for \x\ > 2p and this completes the proof of Theorem 2.4. 

Remark 2.7. For systems with Ker A(£) — {0} V. Georgiev proved in [5] that if 
/ £ "H+ n (Dt)^, then V{t)f is a disappearing solution. On the other hand, the 
assumption / £ (Dt)' 1 cannot be relaxed. In fact, in section 3 we construct an 
example of (ADS) for which / £ Hjli D(GQ n "H+ , but f(x) has not compact 
support with respect to x. 

The space D p + is invariant with respect to the semigroup V(t). Thus the gen- 
erator Gb is the extension of the generator G + of the group V{t)\ D p — Uo(t)\ D p . 
By using the translation representation TZ n , it is easy to see that G + has spectrum 
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in {z € C : Rez < 0}, so iR is in a(Gb) (see PS]). On the other hand, it was 
proved in [9] that the eigenvalues of G& on iR have finite multiplicity and the only 
accumulating point of these eigenvalues could be 0. Thus the o~(Gb) is continuous 
on iR. The analysis of a(Gb) in Re z < is more complicated. In the next section 
we show for the Maxwell system that there exist eigenvalues A < of Gb- 

To define a scattering operator we prove the existence of the operator 
Wf = lim U (-t)JV(t)f, f € Ht 

t— f oo 

assuming the hypothesis (H) fulfilled (see [9], [E]). We define the scattering oper- 
ator S = W o VT_ by using the diagram on Figure 1 . 




Figure 1. Scattering operator 



3. Asymptotically disappearing solutions for Maxwell system 

In this section we show that for the Maxwell system with maximal dissipative 
boundary conditions there exist (ADS). The Maxwell system in R 3 is given by the 
equations 

d t E - curl B = 0, d t B + curl E = 0. 

div£ = 0, divS = 0. 

It is well known that the wave equation u tt — Au = in ]R t x R 3 admit almost 
spherical solutions ^^r^ defined outside x — 0. It was proved in [T] that for 
Maxwell system there are no such almost spherical solutions with the exception of 
functions g(x) +ct linear in t. To find a family of incoming divergence free solutions 
of Maxwell systems depending on |a;| and t, we apply the following 

Theorem 3.1 ([J). Let h € C°°(R) and let = d*h(s) G ^([O.ooQ, for all 
k e N. Then 

V Fl Fl / Fl 

fh" 3h' 3h\ x ( x , A ( ti h \ , s , . 

B := iR-N^ + RF) R a (n a(1 '°' 0) ) +2 (rF^) (1 '°' 0) ' (3 ' 2) 

where the argument of the functions hP^ is \x\ + t, define smooth divergence free 
incoming solutions of Maxwell system in R+ x (R 3 \ 0). 
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The proof of this theorem is technical. The starting point is to search E in 
the form E = curl (g, 0,0) with g(t,x) — ^^rp^-- This guarantees div E = and 
OE = 0. Next we determine B from the equation B t = — curl-E so that div B = 0. 
Finally, 

d t (E t - curl 5) = E tt + curl curl E = E tt - AE = 

and since E t — curli3 — > as t — > oo, we obtain E t — curli? = 0. We can exchange 
the role of E and B and start with B = curl (g, 0, 0), but this leads to similar 
expressions. 

We wish to construct asymptotically disappearing solutions in \x\ > 1 that satisfy 
a homogeneous boundary condition 

u=(E,B) e Af(x), on |x|=l. (3.3) 

Here J\f(x) is a four dimensional linear subspace of C 6 depending smoothly of x. 
Write the Maxwell equations in matrix form 

3 

i=i 

The matrices Aj are real symmetric and := Y^j=i for £ ^ has rank 

equal to 4 and eigenvalues 0, ±|£| of multiplicity 2. 

A sufficient condition for Af(x) to be maximally dissipative and to obtain a well 
posed mixed initial boundary value problem generating a contraction semigroup 
V(t) on (L 2 ({|a;| > l})) 6 is that 

AimM{x) = 4, and, (A{v{x))u , u) < 0, Vu G Af(x), V\x\ = 1. 

It follows that Af(x) D Ker A(v(x)) for all boundary points x G dCl. 

For any unit vector v the eigenvalues of A{y) are —1,0, 1. The kernel of A(y) 
is the set of (E, B) so that both E and B are parallel to v. The condition that 
M{x) contain the kernel is equivalent to say that (E, B) belonging to Af(x) if (E, B) 
is determined entirely by the tangential components (E tan , B tan ). The eigenspace 
£±(V) of A(y) corresponding to eigenvalue ±1 is equal to 

E±(i/) := {(E,B) : E tan = T^/\B tan }. 

The span of eigenspaces £_ (v) © Ker A(v) with non-positive eigenvalues is strictly 
dissipative, that is for all u G £_(z/) © Ker A(v) we have 



(A(v)u,u) = -||?i ta „|| 2 = -|| (E tan , B tan ) 



|2 



To construct asymptotically disappearing solutions we choose h in a special way in 
Theorem 3.1. 

Theorem 3.2 (|lj. Let eo > be sufficiently small and for < e < e set 
2r = 1 - a/1 + 4/e < and ft(s) = e rs . Then (E, B) (t, x) defined by |(46l ant! g7l ) 



yield a divergence free solution of boundary value problem defined by the Maxwell 
equations in \x\ > 1 with maximal dissipative boundary condition 

(1 + e)E tan — v A B tan = 0, on |x| = 1. (3.4) 

For each a there is a constant C(e, a) > so that \d a (E : B)(t, x) | < C(e, a) h(t + 
\x\). In particular, the energy decays exponentially as t —> oo and Gf, has an 
eigenvalues r < 0. 
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It is important to note that for the mixed problem with boundary conditions 



(3.4) and e > there are no disappearing solutions. This follows from Theorem 3 
in [B] saying that if Af(x) D E_(i^(a;)) = {0}, Vx G dil, for system with real analytic 
boundary conditions, then there are no disappearing solutions. In our situation, 
if (E,B) e M{x) n S_(i/(x)), we have eE tan = and this yields B tan = 0, so 
(E, B) € Ker A(v{x)). On the other hand, it is clear that for the sphere \x\ = 1 the 
boundary condition ( |3.4[ ) is real analytic with respect to x. For e = the boundary 
condition 

E tan ~ V A Btan = 0, On \x\ = 1 (3.5) 



satisfies E_(y{x)) C Af(x), Vx € dfl and (3.5) is the analog of the condition 
((d v + dt)uj\dn = 0, for the wave equation d tt — Au = (see [13] for the re- 
sults concerning this mixed problem). 

It is interesting to see that for the Maxwell system with dissipative boundary 
condition, if G b g = \g with Re A < 0, then g(x) = 0(e RcX ^) as |x| -> oo. To see 
this, consider the function ip(x) introduced in Section 2 and set w(x) — ip(x)g(x). 
We have 

Taking 

(E\ /div E 
div BJ 1 

E\ . fE\ 



( 


curl\ 




V— curl 


) 


Q 



BJ Vdiv B 



we have Q{£,)MO = 0, KcrQ(£) = ImA(£) and we obtain {G 2 +Q*Q) (j) = A (#) • 
/ E\ 

Let 5 = ( R ) be an eigenf unction of Gb with eigenvalue A, Re A < 0. Obviously, 



kBJ 

G g = Xg implies Qg = 0. Thus we get 



(A + (iA)> = \{G 2 + Q'Q) - \ 2 \w = (Gi - \')w + Q*(j^£ 

-(ft + *)[ft,*+<rteg)-F.(»). 



(grad^B), 

Here we have used the fact that G 2 w = G 2 w. The right-hand side F v (g) has com- 



pact support and H-FLCsOH < C|MI with constant depending on if. The (incoming) 
resolvent of the free Laplacian R-(fi) = (A + /.j 2 )^ 1 for Im \i < has kernel 

g-ijula-Hl 

R-(x,y;(i) = -—, 1 

47r|x — y\ 

By using the above equation for w and the kernel of i?_(iA), we obtain 

(<pg)(x) = -— / -r rF v (g)(y)dy 

4tt J \x-y\ 

and this yields 

\g(x)\<C e^ x ^\\g\\ : for |x| > 3p. 
For the Maxwell system with strictly dissipative boundary conditions it is natural 
to conjecture that the spectrum of Gj, in {z e C : Rez < 0} is formed by isolated 
eigenvalues with finite multiplicity. This conjecture has been proved recently [5] for 
boundary problems satisfying the coercive conditions (H) and (if*). 
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4. Representation of the scattering kernel 

In this section we obtain a representation of the scattering kernel. Such a rep- 
resentation has been obtained in [TB] and [T7] for strictly hyperbolic systems with 
respectively conservative and dissipative boundary conditions. Here for complete- 
ness we sketch the proof of a representation in the case when G has characteristics of 
constant multiplicity. By using the translation representation lZ n of Uo(t), consider 
the scattering operator 

Sk = KnSK-^k = lim n n U {-t')JV(2t')J*U a {-t')n- 1 k. 

t' — >+oo 

Let k(s,u) G (Cg°(K x §™- 1 )) d with k = for |s| > R x . Next for simplicity we 
write 1Z instead of 7l n . Set / = 7Z~ 1 k. We must study 

lim T_ t ,n(jV(2t')J*U {-t')f 

t'— >+oo \ 

Choose p > Ri + It is easy to see that for t' > p we have J*Uq{— t')f — 
U (-t')f E D p _. Set u Q {t,x) = U {t)f and denote by u(t,x;t') = V(t)U (-f)f the 
solution of the problem 

' (d t -G)u = in R+ x fl, 

u(t, x) £ Af(x) on R+ x 3D,, (4.1) 
u\ t <t'-p = u (t - t',x). 



Consequently 



Sk= lim T_ t ,KJu(t',x), (4.2) 

V — v+oo 



where u(t, x) is the solution of the problem 

\d t - G)u = OinM x ft, 

u(t, x) E M(x) on K x <9ft, (4.3) 
u\t<- P = u (t,x). 
Next we repeat the argument of Section 4 in [17] . Setting 

_ Jw in K x (R n \K), 
V ~ |0 in K x if, 

we have 

(i?((d t - G)v),Tj(uj)) = (3 t +T»d s )(i? V ,r») 

and we get 

(iZw.r^w)) = (-Ru ,r 7 »)+ / (^((^-^^(r^ + T.H^-t),^),^^))^. 

•/ — oo 

(4.4) 

On the other hand, for every vector-valued function -0 £ (C{j°(W +1 )) d we obtain 



{(dt-G)v,i>)= / / (^H*))^^ 

J JMxdQ 

and since (9t — G)v has compact support with respect to x, we can apply the 
above formula combined with (4.4) for the calculus of (1Zv)(s,uj). Taking the limit 
t' — > +oo in (4.2), we deduce 
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{Sk)(s,9) = k(s,6) + d n J2r 3 m 1/2 rj(0) 
i=i 

S^-^ 2 ((x,e) - Tj (6)(a + T))( rj {6),A(v(x))u(T,x))dTdS x , 

xan 

where d n is a constant depending only on n and the integral is taken in the sense 
of distributions. 

Next we repeat the argument of Section 3, |16j and [17] . Set u(t, x) = Uo(t,x) + 
u s (t,x), 

w° k (t,x,cj) = r fc ( W ) 1 /2 (5 (»-i)/2 ((X;Cj) _ Tk ^) t )r k {uj), 
and consider the (outgoing) solution wf,(t,x, u) of the problem 

'{d t - G)w s k = OinM x Q, 

w s k + w° k £ Af(x) onR x dn, (4.5) 
™k\t<-% =0- 

called disturbed plane wave. 

To justify the existence of wf,, we set wf = z k — wf and consider the mixed 
problem 

'(d t - G)z k = OinM x fi, 

z k € N{x) on M x dVL, (4.6) 
h\t<-^ = (-T k (u))- {n+2y2 H({x,u) - T k (u)t)r k (u), 



where 



H(r,) = 



0, ri > 0, 

T], Tj < 



It is easy to show the existence of z k and we get z k — ie?| n+ 2 2jfe. By using wf + 
wf., k = 1, d, we can express w(r, a;) by fc(s, uS) and we obtain a representation 

(Sk)(s,6) = k(s,6)+ [ [ K*{s-T,9,uj)k(T,uj)dTduj. 
The distribution K*(s,9,lj) = [S jk (s,6, lu) ) is called scattering kernel. Thus 

V / j,k — l 

we have the following 

Theorem 4.1. The scattering kernel K#(s, 0, lu) computed with respect to the basis 
{rj(uj)}j =1 has elements 

S^(s,9,co)=dlr j (9) 1/2 
5^-^ 2 ((x,6) - Tj (e)(s + t))(r 3 (9), A{is{x))(w° + w s k ){t,x,uu))dtdS x . 

xdn 

(4.7) 
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5. Back scattering inverse problem for the scattering kernel 

Consider the scattering operator S. It is easy to see that (S — Id)(D p _) C (D+)q, 
where (.)q denotes the orthogonal complement in Hq c . Then taking k(a,uj) = 
for a > —p/vo, we deduce ((5 — I)k)(s, 9) — for s > p/vo and we get 

K*{s,e,u) = Ofors > 2p/v - 

This property implies that the Fourier transform K#(A, 9, ui) of K#(s, 9, u>) admits 
an analytic continuation for Im A < and the same is true for the operator- valued 
function S(s) : (^(S"- 1 ))^ — ► (L 2 (S n - 1 )) d . 

In fact, a more precise result holds for the back-scattering matrix S^ k (s, —lj,uS). 
Theorem 5.1. We have 

max suppS^( S ,-^) < -( T A^± + (5.1) 

where p(u>) = min y e gQ(y,u}} is the support function of dQ in direction w. 

Applying (??), the proof of the above inequality is the same as that in Theorem 
3.2 in p2]. 



Before going to the analysis of an equality in (5.1 ), consider the problem for the 
wave equation with dissipative boundary conditions 

' (d 2 t - A)w = OinR+ x tt, 

d v w + j(x)d t w = onl+ X 90, (5.2) 
(w(0,x),w t (0,x)) = (A,/ 2 ), 

where j(x) > Q,x € dfl is a smooth fu nctio n. We can introduce a scattering 
operator S € C(L 2 (R x S™" 1 )) related to and the kernel K#(s - s',9,lo) of 

S — Id is called scattering kernel. The singularities of K#(s,9,lu) with respect to 
s are closely related to the geometry of the obstacle. Thus if j(x) ^ 1, Vi € 90, 
and S/wwe have (see [T3]) for strictly convex obstacles 

max singsupp s K#(s, 9,uj)} — max(y, 9 — lj). 

For back scattering 9 = —uj this yields 

max singsupp s K#(s, —u),cj) = —2p(u)) = —T 1 . (5-3) 

Here T 7 is the shortest sojourn time of a ray incoming with direction w and outgoing 
with direction — u (see |19j for the definition of sojourn time). To obtain (5.3 1, it 
is necessary to study the asymptotics of the filtered scattering amplitude 

au(A, — u,u)) — I e~ lXs K#(s,—uj,uj)<p(s)ds, 



where ip(s) E Cg°(E) has small support around — T 7 , ip(— T 7 ) = 1 and the integral 
is taken in the sense of distributions. By using the propagation of the wave front 
sets of the solutions of the mixed problem (5.2 1 in the diffraction region and a 
microlocal parametrix, Majda |14j showed that if the support of (p is sufficiently 
small, then 

MA,-^)^^"- 1 )/^^^ (5.4) 
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Here x+ £ dtt is the unique point on <9f2 with v{x + ) = to and K.(x+) is the 
Gauss curvature at x + . For 7(3;) 7^ 1 similar result holds for arbitrary (non-convex) 
obstacles [TS] (see also [15]) and there exists an open dense subset E c §™ _1 such 
that for every ui £ E we have 

max singsupp s K#(s,~uj,(jj) — —2p(oS). (5-5) 

Thus from the leading singularities of the back scattering kernel we can determine 



the convex hull of the obstacle. If j(x) = 1, Vx € dfl, the leading term in (5.4) 
vanishes for all directions u £ 8" . In this direction V. Georgiev and J. Arnaoudov, 
proved the following 

Theorem 5.2 ([8 ). Let j(x) = 1 for all x € d£l. Then for n = 3 if K is strictly 
convex, we have 

a v (\-w,u>) = -S r K-V*(x+)e iXT '> +0(\X\- 1 ) 

l07T 

with c ^ 0. Moreover, for an arbitrary smooth obstacle there exists an open dense 
subset E C § n_1 smc/i that for every u; £ 12 we have (5.5). 



Remark 5.3. Let us note that it is not proved that the problem (5.2) with 7(2;) = 
1, Vx £ 9f2, has disappearing solutions and this explains the inverse scattering 
result in the above theorem. In [TJ] Majda established the existence of disappearing 
solutions for mixed problem outside the sphere \x\ = 1 with boundary condition 
d v w + d t w + w = on K x § 2 . 

Passing to the case of symmetric systems, consider first strictly hyperbolic sys- 
tems with Ker A(£) — {0} and maximal energy preserving boundary condition 

(A(u(x))u, !l)=0,li£ Af(x). 

In this case r/2 = d and there exists (see Chapter VI, [IT]) an orthonormal 
basis (pj(x))j—i of the positive eigenspace E+(i/(x)) of A(u(x)) with respect to 
the inner product < A{v(x))u,u > and an orthonormal basis (n J -((a;))|_ 1 of the 
negative eigenspace E_(i/(x)) of A(z/(x)) with respect to the inner product — < 
A(y(x))u, u > . Then a maximal energy preserving space Af(x) is spanned by the 
vectors (pj{x) + nj(x))j =1 and we have u(x) £ Af(x) if and only if 

(p 3 (x) + nj(x),A(v(x))u(x)) = 0, 1 < j < d. 

When we change x on <9f2, this special basis changes. For strictly hyperbolic 
systems with maximal energy preserving boundary conditions Majda and Taylor 
|16j assuming that (pj) and (rij) depend implicitly through the unit normal v(x), 
proved that for every given fc, 1 < k < d, there exists an open dense set E C § n_1 
such that for every u) £ E for some j, 1 < j < d, we have 

max singsupp s S jfe (s, — to,ui) = — ( J . — - ^ y-^r- ] p(^)- (5-6) 

V T j{— W)Tk{UJ) ) 

We should mention that for strictly convex obstacles Majda and Taylor showed 
[IB] that the leading term of the filtered (j, k) term of the scattering matrix has the 
form 

x(n-l)/2 f-.fTji-u) + T fcH\ , Aw \-V2 

c n A v " exp 1A [^— . — — — p (w 1/C x+ 7 



SCATTERING PROBLEMS FOR SYMMETRIC SYSTEMS WITH DISSIPATIVE BOUNDARY CONDITIONS 



x ^(r fc (w),p M (w))(rj(-w),7v(cj)). 

When we fix k, 1 < k < d, the vector X)«=i( r fc( w )>P^( u; )} n M('' c is m the eigenspace 
£_ (uj) and it is easy to see that for some j, 1 < j < d, we have 

d 

m=i 

In the case of maximal dissipative boundary conditions, the structure of the 
boundary space N(x) is more complicated. It was shown [T7], [7] that we have the 
following 

Lemma 5.4. Let Mix) be a maximal dissipative linear space depending smoothly 
on x G dil. Then for every x G dQ there exists a neighborhood V of x and smooth 
inVDdfl vectors pi(x), ...,pd(x),rii(x), ...,nd(x) satisfying 

(Pi(x),A(i/(x))pj(x)) =S i: j, (ni(x),A(i/(x))rij(x)) = -5 it j, 

(ni(x),A(v(x))pj(x)) = 0, i,j = 1, ...,d, 

and < pi{x) < d so that Af(x) Q (Ker A(v(x))) is spanned by the vectors 

{pi(x) + nx(x), ...,p^ x) (x) + n^ x) (x),n^ x)+1 (x), ...,n d (x)}. 

In the strictly dissipative case we have ^(x) = 0. It is important to note that in 
general (pj(x))^ = i and (nj(x))j =1 do not form a basis, respectively in the spaces 
S + (i/(x)) and S_(i/(x)). On the other hand, u(x) G Af(x) if and only if 

j (pj(x) +nj(x), A(v(x))u(x)) = 0, j = 1, ...,fi(x), , g ^ 

\(pj(x),A(v(x))u(x)) = 0, j = fj,(x) + l,...,d. 

It is clear that for strictly dissipative boundary conditions if 

j\f{x) e (Ker A(v{x)) = E_(v(x)), (5.8) 



then (nj(x))j =1 span Yj_(v(x)) and jpj( x))^ = 1 span Y, + (is(x)). The condition (5.8) 



is the analog of the boundary condition (5.2) with 7(2:) = 1, Vx G dQ 



For strictly hyperbolic systems we have the following 
Theorem 5.5 (|17|). Let A(^) have simply characteristic roots for £ =/= and let 



Ker A(£) = {0}. Consider the problem (1.1) and assume that the vectors (pj) and 



(nj) depend implicitly through the unit normal v(x) and (pj) and (nj) are smooth 
functions of this normal with u independent on v(x). Moreover, assume that for 
every x G dtt in Lemma 5.4 u(x) = const and if [i — 0, we have 

j\f{x) e (Ker A{v(x)) ^ E_(v(x)). (5.9) 

Then there exists an open dense set £ C § n_1 such that for every uj G £ there exist 
(k,j) depending on uj so that we have 

max singsupp s S lk (s,~uj,Lu) = - ( Tj ± T ^ ) p(u>). (5.10) 

V Tj(-UJ)T k (uJ) I 
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Remark 5.6. In contrast to the problem (5.2) with j(x) ^= 1, Vx G dfl, the condition 
(5.8) does not exclude the existence of disappearing solutions. On the other hand, 
we are interesting to have at least one term in the scattering matrix S^ k (s, —lj,ui) 
with leading singularity given by (5.10). This means that all other terms could be 
regular or vanishing. 

In the proof of Theorem 5.5 the crucial point is the construction of a microlocal 
outgoing parametrix with boundary data the distribution rj c (uj)5 < -- n ~ 1 ^' 2 ((x, uj) — 
Tk(oj)t)rk{<jj). More precisely, we assume that locally the boundary is given by x = 
with (x,y) £ K + x K n_1 . After a microlocalization around the point (0,y, t, 0, — 1) 
with v(y) — uj and an application of the decoupling procedure of the matrix symbol 
[2D], we are going to study the problem (see [15], [171 ) 

"Ai 0" 

Vk- "-. Vk = F(x,y,t), 

X r _ 

{rkiwY'H^-^^u) -r k {u)t)r k {Lj))\ m ) =g(y,t), (5.11) 
Vk is smooth for t < — T < 0. 
Here F(x,y,t), g(y,t) are smooth functions, \j(x,y,t,r),T), j = l,...,r, are differ- 
ent first order pseudodifferential operators, V is a classical matrix pseudodiferential 
elliptic operator of order and AW(x) = means that W <G Af(x). For this con- 
struction we must determine the boundary data of (Vvk) on x = from (5.11 ). For 
this purpose, by using (5.7) and the condition (5.9) we obtain an elliptic pseudo- 



0_ 

dx 



A 



differential system £ (jVvk)\x=n^j = Yk on the boundary modulo smooth terms and 
choosing suitably k, we arrange ^ 0. Thus we determine the boundary data for 
Vdk and we construct an outgoing paramerix in a standard way. 



Remark 5.7. Notice that in the case of the boundary condition (5.8), we get = 
0,k = 1, d, and the leading term of the back scattering matrix vanishes for all 
j,k. 

We conjecture that the statement of Theorem 5.5 holds for symmetric systems 
with characteristics of constant multiplicity but this needs extra work concerning 
the microlocal matrix reduction. For other inverse scattering problems for symmet- 
ric systems with dissipative boundary conditions we refer to [3], where the case of 
directions (9,oj) G §™ _1 x §™ _1 satisfying + < 5 with sufficiently small 6 > 
has been studied. 
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